Classic diffraction tomography is generalized to inhomogeneous background with finite data aperture (finite frequency band and finite spatial aperture of acquisition). Tomographic inversions derived in this paper can be summarized as a process of backpropagation plus filtering in the local angle domain. The backpropagation is a doubly focusing process, similar to the imaging principle in migration/imaging with modified imaging condition in the local angle domain. The filtering is a deconvolution in the local angle domain, which includes the correction factor for acquisition aperture and propagation effects in arbitrarily heterogeneous media. For the Born model in a homogeneous background with infinite acquisition aperture, the formulation reduces to the classic diffraction tomography.
Introduction
The traditional diffraction-tomography with a homogeneous reference model applies a filtered backpropagation to the scattered field (data) for the reconstruction of the parameter perturbations in the model space (Devaney, 1982 (Devaney, , 1984 Beylkin et al., 1986; Toksöz, 1987, Harris, 1987; Pratt and Worthington, 1988: Wu et al., 1994) . The backpropagation process is a doublefocusing operation, which focus both the waves from the source array and the receiver array to the image point. Therefore it is equivalent to applying the imaging condition at the image point in the migration process (Claerbout, 1985) . For homogeneous background with infinite acquisition aperture, the propagation of different planewave components is independent of each other, and the deconvolution filter (decon-filter) remains unchanged across the whole image space. Therefore the order of propagation and filtering in wavenumber domain is interchangeable and the filtering is applied to the scattering data before the backpropagation. For heterogeneous backgrounds and/or finite data aperture, this symmetry is broken and the filter is location dependent. For inhomogeneous background, different plane wave components in the data will be distorted and cross-coupled with each other. The simple relation between the data spectra and the medium perturbation spectra no longer exists. In order to overcome the limitation of the classic diffraction tomography, some spatial domain formulation (Woodward, 1989) or waveform inversion approach (Pratt and Worthington, 1990; Zhou et al., 1995 Zhou et al., , 1997 Xu et al., 1995; Pratt, 1999; Min and Shin, 2006; Sheng et al., 2006) were developed for the case of inhomogeneous background media. However, in these approaches, the intuitive spectral inversion and its efficiency had been lost. In this paper, I will generalize the diffraction tomography to the case of inhomogeneous background with one-way propagators (Green's function) and resolving kernels in the local angle domain.
The process is to first perform the backpropagation of the scattered field for removing the background effect and then apply the space-dependent decon-filter in the local wavenumber domain. We will see that when the aperture is infinite in a homogeneous background, the process reduces to the filtered backpropagation of the classic diffraction tomography.
The parameters to be inverted are volume perturbations of unknowns with respect to a given reference medium (background). The Green's function is the impulse response in the reference medium. In the Born model, the scatterings of each volume elements are independent from each other and no interaction between the elements is taken into consideration. In this paper we consider only the backscattered waves measured in the surface reflection profiling. For the case of scalar media (acoustic media with constant density), the scattered (pressure) field under the local Born approximation is
(1) where and are source and receiver (geophone) locations on the surface respectively, and
is the object function, i.e. velocity perturbations with respect to the background velocity . Here is the scalar wave Green's function for the modeling process in the inhomogeneous background. The exact should be a full wave Green's function. However, it can be replaced by different approximations in different inversion schemes.
The Born approximation itself is only valid for weak scattering, i.e. when the parameter perturbations are small and the integration volume (heterogeneity extension) is small. However, since can be updated and set to be close to the Green's function for the real media, X(1)X can be considered as a local Born approximation which is valid for large volume scattering problems.
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Imaging condition in the local angle-domain and the local image matrix
The standard imaging condition in the space domain is in the form of cross-correlation,
where is Green's function used in the imaging process, which could be different from the Green's function of forward modeling; " * " stands for complex conjugate. The I G inner integral is a back propagation Rayleigh integral and is the spatial receiver aperture for a given source.
The outer integral is the summation over all the sources and is source aperture. This is the double focusing for a single-frequency wavefield. In migration imaging, the final image is obtained by summing up images of all the frequencies, a double-focusing in time-domain. In diffraction tomography, both single-frequency tomography and multi-frequency tomography can be implemented.
In order to be symmetric for the source array and receiver array focusing processes and compare later with the classic diffraction tomography, we slightly modify the imaging condition X(3)X into * * ( , ,; ) ( , ) 4 ( , ,; ) ( , ; )
In this imaging condition, we propagate the source field as if from boundary elements and the source aperture integral becomes also a Rayleigh integral. Later we will see the symmetry and convenience of this modification.
In order to obtain the local angle-spectra of an image field, imaging condition has been extended from space domain to the space-angle-domain (beamlet domain) Chen, 2002a, b, 2004; Wu et al., 2004; Xie and Wu, 2002) . Then the image function is no longer a scalar value and becomes a matrix: LIM (local image matrix)
, where is the position vector at depth z; and are the source and receiving wavenumber vectors, respectively. To simplify the notations, we omit the frequency dependence in the LIM. When necessary, we will specify the frequency dependence again explicitly. Note that the source direction is defined as the direction from the image point to the source on the surface, and is opposite to the incident direction. The new imaging condition (for a single frequency) in the space-angle domain is
where is the incident beamlet at the image point generated by a point source at on the surface, and , the outgoing (scattered) beamlet at the imaging point received by a point receiver at on the surface. If the Green's functions used in the inversion are exactly the same Green's functions as those in the forward modeling (in the acquisition process), or their phase information are exact, the LIM will be a real number matrix. However, due the approximations in Green's function and velocity model inaccuracy, the LIM in general is a complex matrix:
where is the amplitude of matrix element and is the phase of matrix element. For an inaccurate background velocity model, the phase is different for different pairs of ( ), resulting in incomplete focusing. These phase residues can cause the blurriness of the final image and produce artifacts and coherent noises. However, under the Born approximation, these effects are assumed small and negligible.
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Deconvolution filtering in local wavenumber domain and the generalized diffraction tomography
The modeling and imaging processes can be written into operator forms:
,
where F is the acquisition (modeling) operator which maps the model S into the data set U; while B is the imaging operator which invert the data U into the image I, x 0 is the scattering point in the model space, and x is the location of the image point in the imaging process. Substitute X(7)X into
we have
The resolution operator (matrix) is obtained as
If the imaging operator is exactly the inverse operator of the modeling operator, the resolution operator will be an identity operator. For most cases, the resolution matrix is not an identity matrix and the spreading of the matrix elements along the diagonal give some quantitative measure of the parameter resolution of the imaging/inversion. If the resolution matrix can be calculated, the true model can be obtained by deconvoluting the image field with the resolution matrix (with some regularization). However, the calculation of resolution operator and volume deconvolution in spacedomain is intractable. We will formulate the process of decon-filtering in the local wavenumber domain, i.e. the beamlet domain.
In the following we will derive the resolution operator for the imaging process based on the Born model for volume perturbations. After decomposing the Green's functions into the local wavenumber-domain at a level z near the image point , and substituting into X(4)X, the image matrix at becomes
where and
, with ξ and ς as the corresponding local horizontal and vertical wavenumbers respectively. From equation X(11)X, we see that from a pair of local incidentscattering angles we can only detect the local spectral component at
(12) Figure 1 shows the definition of local wavenumber vectirs and the domain of spectral coverage (domain of integration) for the Born model.
With multi-frequency imaging, the spectral coverage can be expanded and the local image matrix becomes
Figure 1: The definition of local wavenumber vectors and the domain of spectral coverage for the Born model
The angular spectra of local images are usually highly nonuniform due to the acquisition geometry, limited data aperture and the influence of overburden structures. In order to reconstruct the true parameter of the perturbation function (the object function), we need to deconvolute the local image field with the resolving kernel.
The kernels for the resolution operator (resolving kernel) (Aki and Richards, 1980; Tarantola, 1987) is obtained based on X(10)X, X(4)X and X(1)X by substituting the forward modeling (the Born model) X(1)X into X(10)X:
For detailed derivation of the resolution operator and its kernel, see Wu et al. (2006) . The resolving kernel is also called the point spreading function (PSF) for the imaging system which includes both the acquisition (modeling) and inversion (imaging) processes. We will formulate the process in the local wavenumber domain, i.e. the beamlet domain. We perform local 3D 
is the backpropagation integral of the modeling Green's function,
as shown in Figure 2 .
The above formulation is exactly the filtered backpropagation of classic diffraction tomography in homogeneous backgrounds for surface reflection data with an infinite aperture (Devaney, 1982 (Devaney, , 1984 Wu and Toksöz, 1987) .
In the more general case of heterogeneous backgrounds, as I proposed above, the process is a backpropagation plus filtering (deconvolution) in the local angle-domain. 
Conclusion
Tomographic inversions in generally inhomogeneous media can be summarized as a process of backpropagation plus filtering in the local angle domain. The backpropagation is a doubly focusing process, similar to the imaging principle in migration/imaging with extended imaging conditions in the local wavenumber domain. The filtering is a deconvolution in the local angle domain. The generalization of the classic diffraction tomography enables the application of the method to more general cases with arbitrary acquisition geometry. Since the inhomogeneous background can be set to be close to the real media, the applicability of the Born or Rytov approximations are also extended.
